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Abstract
Given a metrizable compact topological n-manifold X with boundary and a finite positive Borel
measure μ on X, we prove that for the typical continuous function f :X → X, it is true that for
every point x in a full μ-measure subset of X the limit set ω(f,x) is a Cantor set of Hausdorff
dimension zero, f maps ω(f,x) homeomorphically onto itself, each point of ω(f,x) has a dense
orbit in ω(f,x) and f is non-sensitive at each point of ω(f,x); moreover, the function x → ω(f,x)
is continuous μ-almost everywhere.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Throughout we fix an integer n  1, a metrizable compact topological n-manifold X
with (or without) boundary [6], and a metric d which is compatible with the topology
of X. C(X) (respectively CO(X)) denotes the set of all continuous functions from X
into X (respectively from X onto X) endowed with the supremum metric: d˜(f, g) =
supx∈X d(f (x), g(x)). Moreover, X∗ denotes the set of all non-empty closed subsets of X
endowed with the Hausdorff metric:
dH (A,B) = max
{
max
a∈A d(a,B),maxb∈B d(b,A)
}
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erty P if the set of all x ∈ M that do not satisfy property P is of the first category in M .
Given f ∈ C(X) and x ∈ X, recall that the limit set ω(f,x) of f at x is the set of
all limit points of the sequence (f j (x))j0. Agronsky et al. [1] studied the dynamics
of typical continuous functions on the closed unit interval and obtained some interesting
results concerning limit sets. Let us explicitly state the following results from [1]:
Theorem A. If f is typical in C([0,1]) then, for x typical in [0,1], the limit set ω(f,x) is
a perfect set of Lebesgue measure zero, f maps ω(f,x) homeomorphically onto itself and
each point of ω(f,x) has a dense orbit in ω(f,x).
Theorem B. For the typical f ∈ C([0,1]), the limit set ω(f,x) is a perfect set of Lebesgue
measure zero for every point x in a full Lebesgue measure subset of [0,1].
Concerning the Lebesgue measure of limit sets, they in fact established a stronger result:
For the typical f ∈ C([0,1]), the closure of the union of all limit sets ω(f,x) has Lebesgue
measure zero. Let us mention that this result can be generalized as follows:
If μ is any finite positive Borel measure on X then, for the typical f ∈ C(X), the closure
of the set ⋃x∈X ω(f, x) has μ-measure zero; in particular, μ(ω(f, x)) = 0 for every
x ∈ X.
This is an immediate consequence of Theorem 11 of [3], which asserts that for the typical
f ∈ C(X), the set Ωf of all non-wandering points of f has μ-measure zero.
Theorem A was partially generalized by Lehning [5] to the case of an arbitrary X:
If f is typical in C(X) then, for x typical in X, ω(f,x) is a perfect set of Hausdorff
dimension zero. Lehning [5] also proved that for the typical f ∈ C(X), the function x ∈
X → ω(f,x) ∈ X∗ is continuous at the typical point x of X.
The goal of the present paper is to establish properties of ω(f,x), for the typical f ∈
C(X), which are true for every point x in a full measure subset of X. We shall prove
(Theorem 3) that if μ is any finite positive Borel measure on X then, for the typical f ∈
C(X), the following properties hold for every point x in a full μ-measure subset of X:
(a) ω(f,x) is a Cantor set of Hausdorff dimension zero.
(b) f maps ω(f,x) homeomorphically onto itself, each point of ω(f,x) has a dense orbit
in ω(f,x) and f is non-sensitive at each point of ω(f,x).
(c) The function a ∈ X → ω(f,a) ∈ X∗ is continuous at x.
Recall that a Cantor set is a totally disconnected perfect set and that f is non-sensitive
at a if for every  > 0 there is a δ > 0 such that for any choice of points a0 ∈ B(a; δ),
a1 ∈ B(f (a0); δ), a2 ∈ B(f (a1); δ), . . . , we have that d(am,f m(a)) <  for every m 0.
In fact, we shall derive this result from a more general theorem (Theorem 1) which also im-
plies the corresponding result in the case of typical points x of X (Theorem 2). Moreover,
we shall also establish these results in the case of the space CO(X).
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Given A ⊂ X, we denote by A, IntA, BdA and diamA the closure, the interior, the
boundary and the diameter of A in X, respectively. Moreover, for each δ > 0, the δ-
neighborhood of A is denoted by Nδ(A) = {x ∈ X;d(x,A) < δ}. Finally, we denote by
GX the set of all closed subsets A of X with non-empty interior such that A has a fun-
damental system of neighborhoods which are homeomorphic to Bn (the closed unit ball
of Rn). Note that each point a ∈ X has a fundamental system of neighborhoods that belong
to GX .
Let us now state our main result.
Theorem 1. Suppose that for each integer r  1, it is given a finite collection Cr of pairwise
disjoint sets of GX with diameters < 1/r . Put Qr =⋃A∈Cr A (r  1). Then, for the typical
f ∈ C(X) (respectively f ∈ CO(X)), there is a sequence (tk)k1 of positive integers with
tk → ∞ as k → ∞ such that for every point x in the set
Rf =
∞⋂
r=1
∞⋃
k=r
Qtk
the following properties hold:
(a) ω(f,x) is a Cantor set of Hausdorff dimension zero;
(b) f maps ω(f,x) homeomorphically onto itself, each point of ω(f,x) has a dense orbit
in ω(f,x) and f is non-sensitive at each point of ω(f,x);
(c) the function a ∈ X → ω(f,a) ∈ X∗ is continuous at x.
We shall prove Theorem 1 in the next section. Let us now derive some important results
from it.
Theorem 2. For the typical f ∈ C(X) (respectively f ∈ CO(X)), properties (a)–(c) hold
for the typical point x of X.
Proof. Let z1, z2, z3, . . . be a sequence of distinct elements of X which is dense in X. For
each r  1, let Ar,1, . . . ,Ar,r be pairwise disjoint elements of GX with diamAr,i < 1/r and
zi ∈ IntAr,i for each 1 i  r . Consider the collections
Cr = {Ar,1, . . . ,Ar,r} for r  1.
By Theorem 1, for the typical f ∈ C(X) (respectively f ∈ CO(X)), there is a sequence
(tk)k1 of positive integers with tk → ∞ as k → ∞ such that properties (a)–(c) hold for
every point x in the set
Rf =
∞⋂
r=1
∞⋃
k=r
Qtk
(where each Qr is as in Theorem 1). Since tk → ∞ as k → ∞ and each Qr contains an
open set containing z1, . . . , zr , it follows that
⋃∞
k=r Qtk contains a dense open set, for each
r  1. Thus, Rf contains a dense Gδ-set. 
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(respectively f ∈ CO(X)), properties (a)–(c) hold for every point x in a full μ-measure
subset of X.
Proof. By [3, Lemma 4], for each integer r  1, there is a finite collection Cr of pairwise
disjoint sets of GX such that
μ
(
X −
⋃
A∈Cr
A
)
< 1/r and diamA < 1/r for every A ∈ Cr .
By Theorem 1, for the typical f ∈ C(X) (respectively f ∈ CO(X)), there is a sequence
(tk)k1 of positive integers with tk → ∞ as k → ∞ such that properties (a)–(c) hold for
every point x in the set
Rf =
∞⋂
r=1
∞⋃
k=r
Qtk
(where each Qr is as in Theorem 1). Since tk → ∞ as k → ∞ and μ(X − Qr) < 1/r
for each r  1, it follows that μ(
⋃∞
k=r Qtk ) = μ(X), for each r  1. Thus, μ(Rf ) =
μ(X). 
3. Proof of Theorem 1
The strategy of our proof is based on a method developed in [2,3]. It consists in consid-
ering functions that have a certain “well-controlled behaviour” on arbitrarily small subsets
of X that cover arbitrarily large portions of X (in measure), such behaviour naturally divid-
ing these small subsets of X in trees. In general, we should impose additional properties on
these trees depending on the results we are trying to get. This strategy has been shown very
useful in establishing results for typical functions that involve measures on the space X.
We shall now apply it to prove Theorem 1, which furnishes properties of typical continuous
functions that are very different from the ones obtained in [2,3].
Given a collection C of sets, recall [3] that a C-tree is a pair (T ,ϕ), where T is a finite
rooted tree [4] and ϕ is a bijective correspondence between the set V (T ) of all vertices
of T and a collection of pairwise disjoint sets in C. If (T ,ϕ) is a C-tree, we usually omit
the correspondence ϕ and speak just of the C-tree T ; moreover, we identify each vertex
of T with its corresponding set of C (under ϕ). If T is a C-tree and V1,V2 ∈ V (T ), we
write “V2 < V1” to mean that V1 and V2 are adjacent and that the unique path connecting
V2 to the root of T passes through V1. Two C-trees T1 and T2 are said to be disjoint if
A ∩ B = ∅ whenever A ∈ V (T1) and B ∈ V (T2).
For each integer k  1, letOk be the set of all f ∈ C(X) (respectively f ∈ CO(X)) such
that, for some integer t  k, there are finitely many pairwise disjoint GX-trees T1, . . . , Ts
so that:
(i) diamA < 1/k for all A ∈ V (T1) ∪ · · · ∪ V (Ts);
(ii) Ct ⊂ V (T1) ∪ · · · ∪ V (Ts);
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(iv) if Ri is the root of Ti , then there is an Si ∈ V (Ti) such that f (Ri) ⊂ IntSi ;
(v) the chain of successive elements of V (Ti) connecting Si to Ri has the form
Si = Ai,1 < Ai,2 < · · · < Ai,di < Bi,1 < Bi,2 < · · · < Bi,di = Ri,
where
diam(Ai,j ∪ Bi,j ) < 1/k for 1 j  di;
(vi)
s∑
i=1
di∑
j=1
[(
diamf (Ai,j )
)1/k + (diamf (Bi,j ))1/k]< 1.
Clearly, each Ok is open in C(X) (respectively in CO(X)).
Let f ∈⋂∞k=1Ok . Then, for each k  1, there are an integer tk  k and pairwise disjoint
GX-trees Tk,1, . . . , Tk,sk so that (i) through (vi) hold with tk in place of t and Tk,1, . . . , Tk,sk
in place of T1, . . . , Ts . By properties (iii) and (iv), for each k  1 there exists 0 < δk < 1/k
such that
f
(
Nδk (B)
)⊂ IntA (1)
whenever A,B ∈ V (Tk,i) and B < A (1 i  sk), and such that
f
(
Nδk (Rk,i)
)⊂ IntSk,i , (2)
where Rk,i and Sk,i are related to Tk,i (1 i  sk) as Ri and Si are related to Ti in prop-
erty (iv). Property (v) tells us that
Sk,i = Ak,i,1 < · · · < Ak,i,dk,i < Bk,i,1 < · · · < Bk,i,dk,i = Rk,i , (3)
where
diam(Ak,i,j ∪ Bk,i,j ) < 1/k for 1 j  dk,i . (4)
Now, (1) and (2) show that f maps the δk-neighborhood of each vertex in the chain (3),
except the last one, inside the interior of the next vertex and maps the δk-neighborhood
of the last vertex inside the interior of the first one. Thus, if x ∈ A where A ∈ V (Tk,i) for
some 1 i  sk , if y ∈ X and if d(y, x) < δk , then
ω(f,y) ⊂ f (Ak,i,1) ∪ · · · ∪ f (Ak,i,dk,i ) ∪ f (Bk,i,1) ∪ · · · ∪ f (Bk,i,dk,i ) (5)
⊂ Ak,i,1 ∪ · · · ∪ Ak,i,dk,i ∪ Bk,i,1 ∪ · · · ∪ Bk,i,dk,i (6)
and
ω(f,y) ∩ Ak,i,j = ∅ and ω(f,y) ∩ Bk,i,j = ∅ for 1 j  dk,i , (7)
which implies that
dH
(
ω(f,y),ω(f, x)
)
< 1/k, (8)
because of (i). By (ii),
Qt ⊂
⋃{
A; A ∈ V (Tk,i) for some 1 i  sk
}
.k
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nected (by (i) and (6)), perfect (by (4), (6) and (7)) and has Hausdorff dimension zero (by
(i), (5) and (vi)), which gives property (a). Property (c) follows from (8). By (i) and (6), f is
1–1 on ω(f,x) and each point of ω(f,x) has a dense orbit in ω(f,x). Since f (ω(f, x))
is closed and dense in ω(f,x), f maps ω(f,x) onto itself. Finally, f is non-sensitive at
each point of ω(f,x) in view of (i), (6) and the phrase after formula (4), which completes
the proof of (b).
It remains to show that each Ok is dense in C(X) (respectively in CO(X)). Fix k  1,
f ∈ C(X) (respectively f ∈ CO(X)) and  > 0. Let 0 < δ < min{1/k, /3} be such that
d
(
f (x), f (y)
)
< /3 whenever d(x, y) < δ (x, y ∈ X).
Choose a positive integer t such that 1/t < δ. We shall construct pairwise disjoint GX-trees
T1, . . . , Ts satisfying the following properties:
(A) diamA < δ for every A ∈ V (T1) ∪ · · · ∪ V (Ts);
(B) Ct ⊂ V (T1) ∪ · · · ∪ V (Ts);
(C) if A,B ∈ V (Ti) and B < A, then f (B) ∩ A = ∅;
(D) if Fi is the root of Ti , then there is an Si ∈ V (Ti) such that at least one of the following
two properties hold:
(1) f (Fi) ∩ Si = ∅;
(2) there is a Ci ⊂ X homeomorphic to Bn with diamCi < /3, f (Fi) ⊂ IntCi and
Si ⊂ IntCi .
The construction of the GX-trees T1, . . . , Ts satisfying properties (A) through (D) is as
in [3], but we shall explain it here for the sake of completeness. Let B denote the set of all
elements of GX that have already been used as a vertex of some tree up to the current step.
We begin by choosing an A1 ∈ Ct and by putting it as a vertex of T1 (hence B = {A1}).
Suppose that in a certain moment T1 consists of the vertices A1 < A2 < · · · < Aj (so that
B = {A1, . . . ,Aj }). We look at the set f (Aj ). There are three possibilities:
Case 1: f (Aj ) ∩ A = ∅ for some A ∈ B.
We stop the construction of T1 for the time being. Aj is the root F1 of T1 and S1
may be any set of B such that f (F1) ∩ S1 = ∅.
Case 2: f (Aj ) ∩ A = ∅ for every A ∈ B and f (Aj ) ∩ A = ∅ for some A ∈ Ct −B.
Let Aj+1 ∈ Ct −B be such that f (Aj ) ∩ Aj+1 = ∅ and put Aj+1 as a new vertex
of T1 satisfying Aj < Aj+1.
Case 3: f (Aj ) ∩ A = ∅ for every A ∈ Ct ∪B.
Choose an Aj+1 ∈ GX disjoint from each element of Ct ∪ B such that
diamAj+1 < δ/j and f (Aj ) ∩ Aj+1 = ∅, and put Aj+1 as a new vertex of T1
satisfying Aj < Aj+1.
If Case 1 never happens, we will stop the construction of T1 as soon as we obtain an Am
for which there is a C ⊂ X homeomorphic to Bn with diamC < /3, f (Am) ⊂ IntC and
Ak ⊂ IntC for some 1 k m (so Am will be the root F1 of T1 and S1 may be Ak). We
will obtain such an Am in a finite number of steps. Indeed, suppose that this is not the case
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Let a ∈ X be a cluster point of the sequence (xj )j1 and let C be a neighborhood of a
which is homeomorphic to Bn and has diameter < /3. Since diamAj → 0 as j → ∞,
we can choose a k  1 large enough so that Ak ⊂ IntC and we can choose an m k large
enough so that f (Am) ⊂ IntC, a contradiction.
Now, suppose that we have already constructed T1, . . . , Ti−1. If B ⊃ Ct , we are done. If
this is not the case, we choose an A′1 ∈ Ct − B and put it as a vertex of Ti . If in a certain
moment Ti consists of the vertices A′1 < A′2 < · · · < A′j , we then look at f (A′j ). Cases 2
and 3 are treated as before. However, Case 1 should be divided in two possibilities:
Case 1a: f (A′j ) ∩ A = ∅ for some A ∈ V (Ti).
We stop the construction of Ti for the time being. A′j is the root Fi of Ti and Si
may be any set of V (Ti) such that f (Fi) ∩ Si = ∅.
Case 1b: f (A′j )∩A = ∅ for every A ∈ V (Ti) and f (A′j )∩A = ∅ for some A ∈ B−V (Ti).
Let A˜ ∈ B−V (Ti) be such that f (A′j )∩ A˜ = ∅. Then A˜ is a vertex of a previous
tree; say A˜ ∈ V (Ti0), where 1 i0 < i. In this case we will have no tree Ti for the
time being. We will just enlarge Ti0 by putting the chain A′1 < A′2 < · · · < A′j as
a new branch of it, satisfying the relation A′j < A˜.
If Cases 1a and 1b never happen, we will stop the construction of Ti when we obtain an
A′m for which there is a C′ ⊂ X homeomorphic to Bn with diamC′ < /3, f (A′m) ⊂ IntC′
and A′k ⊂ IntC′ for some 1 k m (so A′m will be the root Fi of Ti and Si may be A′k).
It is immediate to check that the GX-trees T1, . . . , Ts so constructed satisfy proper-
ties (A) through (D).
Let I = {i ∈ {1, . . . , s}; f (Fi)∩ Si = ∅} and J = {1, . . . , s} − I . For each A ∈ V (T1)∪
· · ·∪V (Ts) choose a neighborhood VA of A which is homeomorphic to Bn and has diame-
ter < δ, so that the family {VA}A∈V (T1)∪···∪V (Ts) is pairwise disjoint and f (VFi ) ⊂ IntCi for
every i ∈ J . For each B ∈ V (Ti)−{Fi} (1 i  s), let AB be the unique element of V (Ti)
such that B < AB , choose an aB ∈ f (B) ∩ AB and let bB ∈ B be such that f (bB) = aB .
Let ϕB :VB → VB be a continuous function (respectively a continuous onto function) such
that ϕB(B) = {bB} and ϕB(x) = x for all x ∈ BdVB , and define
g(x) = f (ϕB(x)) for all x ∈ VB.
For each i ∈ I , choose an ai ∈ f (Fi) ∩ Si and let bi ∈ Fi be such that f (bi) = ai . Let
ϕi :VFi → VFi be a continuous function (respectively a continuous onto function) such
that ϕi(Fi) = {bi} and ϕi(x) = x for all x ∈ BdVFi , and define
g(x) = f (ϕi(x)) for all x ∈ VFi .
For each i ∈ J , choose an ai ∈ Si , define g(x) = ai for x ∈ Fi and g(x) = f (x) for x ∈
BdVFi , and extend g to map VFi continuously into Ci (respectively onto Ci ). Finally, put
g(x) = f (x) for all x ∈ X −
⋃{
VA; A ∈ V (T1) ∪ · · · ∪ V (Ts)
}
.
Then g ∈ C(X) (respectively g ∈ CO(X)), d˜(g, f ) < /3, g(B) = {aB} ⊂ AB for every
B ∈ V (Ti) − {Fi} and g(Fi) = {ai} ⊂ Si (1  i  s). Let ψ ∈ CO(X) be such that
658 N.C. Bernardes Jr. / J. Math. Anal. Appl. 319 (2006) 651–659d˜(ψ, idX) < /3 (where idX is the identity mapping of X), ψ(aB) ∈ IntAB for every
B ∈ V (Ti) − {Fi} and ψ(ai) ∈ IntSi (1  i  s). Put h = ψ ◦ g. Then h ∈ C(X) (re-
spectively h ∈ CO(X)), d˜(h, g) < /3 and properties (iii) and (iv) hold with h in place
of f and Fi in place of Ri .
Now we will have to enlarge our trees T1, . . . , Ts and to make some small perturbations
on h in order to obtain property (v). Let
Si = Ai,1 < · · · < Ai,di = Fi
be the chain of successive elements of V (Ti) connecting Si to Fi . For each 1 i  s and
each 1  j  di , choose a neighborhood Ui,j of Ai,j which is homeomorphic to Bn and
has diameter < δ, so that
h(Ui,j ) ⊂ IntAi,j+1 for 1 j < di and h(Ui,di ) ⊂ IntAi,1.
We may also assume that Ui,j is disjoint from every A ∈ V (T1)∪ · · · ∪V (Ts)−{Ai,j }. For
each 1  j  di , choose a Bi,j ∈ GX such that Bi,j ⊂ Ui,j and Bi,j ∩ Ai,j = ∅. We shall
enlarge each Ti by putting Bi,1, . . . ,Bi,di as new vertices of Ti satisfying
Ai,di < Bi,1 < · · · < Bi,di .
So, the new root of Ti is Ri = Bi,di . The trees T1, . . . , Ts clearly satisfy (i), (ii) and (v). For
each 1 i  s and each 1 j < di , choose a point bi,j+1 ∈ IntBi,j+1, define
φ(x) = bi,j+1 for x ∈ Bi,j and φ(x) = h(x) for x ∈ Ai,j ∪ BdUi,j ,
and then extend φ to map Ui,j continuously into Ui,j+1 (respectively onto Ui,j+1). For
each 1 i  s, choose a point bi,1 ∈ IntBi,1 and a point ai,1 ∈ IntAi,1, define
φ(x) = bi,1 for x ∈ Ai,di , φ(x) = ai,1 for x ∈ Bi,di , and
φ(x) = h(x) for x ∈ BdUi,di ,
and then extend φ to map Ui,di continuously into Ui,1 (respectively onto Ui,1). Finally, put
φ(x) = h(x) for all x ∈ X −
s⋃
i=1
di⋃
j=1
Ui,j .
Then φ ∈ C(X) (respectively φ ∈ CO(X)), d˜(φ,h) < /3 (hence d˜(φ, f ) < ) and prop-
erties (iii) and (iv) hold with φ in place of f . Since φ(A) is a singleton for every
A ∈ V (T1) ∪ · · · ∪ V (Ts), property (vi) also hold with φ in place of f (and so φ ∈ Ok).
This completes the proof.
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